Complex Geometry Exercises

Week 7

Exercise 1. Let (X, g, J) be a Kdhler manifold and v :Y — X a closed complex submanifold.
Use the Wirtinger inequality to prove that'Y s volume-minimising within its homology class.

Exercise 2. Consider the open unit disk D = {z € C| |z| < 1}. Prove that the (1,1)-form

w= —%8510g (1-12%)

defines a Kdahler metric on D.

Exercise 3. The goal of the exercise is to prove that the Twasawa manifold I = U/Uy is not
Kahler.

(i) Prove that holomorphic forms on a Kdhler are harmonic.

(i1) Compute a basis of left-invariant holomorphic 1-forms for 1 and conclude it is a weak
Calabi- Yau manifold.

(11i) Deduce it does not admit a compatible Kdihler metric.

Exercise 4. Consider the hermitian metric

hz(s,s’) = g:s”iig

on O(1), induced by its global sections. Denote by V its Chern connection. Prove

(i) %FV = wrg, where wpg is the Kahler for of the Fubini-Study metric.

(i) wps =1
cpr

(continues on the back)



Exercise 5. Show that, in dimension > 2, there exists at most one Kdhler metric in a given

conformal class (up to scale).

Exercise 6. Let Pic’(X) := ker (Pic(X) — H*(X,Z)). Prove
(i) Show that if X is Kahler is a complex torus of dimension b'(X).

(ii) Give a counterezample when X is not Kdihler.



